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Abstract
We report on a recent next-to-leading order perturbative determination of the dilepton rate from a hot QCD plasma
for frequency and momentum of the order of the temperature and for much smaller invariant mass M ∼ gT . We
briefly review the calculation, which generalizes the previous one for the photon case (M = 0). We then analyze the
consequences of the new calculation for the extraction of the photon rate from the small mass dilepton measurements.
We then review a recent NLO determination at large M and we show how to match and merge its results with the
low-mass ones, resulting in a single rate which is NLO-accurate over the phenomenologically relevant region.
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1. Introduction
Electromagnetic (EM) probes have long been consid-
ered a key hard probe of the medium produced in ul-
trarelativistic heavy-ion collisions. Their chief advan-
tage is that they are weakly coupled to the plasma, so
that their reinteractions with it can be considered negli-
gible. EM probes hence carry direct information about
their formation process to the detectors, unmodified by
hadronization or other late time physics.
In this contribution we will concentrate on dilep-
tons. Compared to photons, the kinematics of dilep-
tons is described by two parameters, the frequency k0
and the momentum k, with the related invariant mass
M ≡
√
k20 − k2. From an experimental point of view,
dileptons, compared to photons, have the advantage of
a smaller background from meson decays, which needs
to be subtracted. For this reason, experimentalists have
also focused on small-mass dileptons, which can be
thought of as massive off-shell photons. Provided the
mass of the pair is above the pion mass, the pion decay
background is absent and the foreground rates are under
much better control. For this reason, e+e− pairs with M
somewhat above m2pi have been measured, to serve as an
ersatz photon rate measurement [1, 2, 3].
In this contribution we will then first illustrate a re-
cent perturbative calculation of the thermal dilepton rate
at small M (and for k ∼ T ) to NLO [4], extending the
previous work on real photons [5], aiming also at under-
standing whether the rate, as a function of M, is smooth
enough in going from M = 0 to finite M, so that the
ersatz photon rate measurements are meaningful. We
will afterwards show the results of an NLO calculation
at larger M [6] and then show how the small- and large-
M computations can be merged [7, 4], resulting in a rate
that is reliably NLO for most invariant masses. Another
motivation for these NLO calculation is to assess the
reliability of the pQCD rates, widely employed in phe-
nomenological analyses, when extrapolated to αs ∼ 0.3
where the coupling g is not small. We will then con-
clude by remarking on the implications of the results on
this matter, with an outlook to comparisons with non-
perturbative lattice data. In all cases the starting point is
the formula giving the dilepton production rate per unit
phase space at leading order in QED (in α) and to all
orders in QCD. It reads (see for instance Ref. [8])
dΓll¯
d4K
= − 2α
3(2pi)4K2
W<(K) θ((k0)2 − k2) , (1)
where K2 = (k0)2−k2 = M2 is the virtuality of the dilep-
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ton pair, assumed much greater than 4m2l . The rate is
given in terms of the photon polarization W<(K), which
reads
W<(K) ≡
∫
d4XeiK·XTrρJµ(0)Jµ(X) . (2)
Here Jµ =
∑
q=uds eqq¯γµq is the EM current and we work
in thermal equilibrium, so that the ρ = e−βH and the
Hilbert space trace becomes a thermal average.1 We
will work perturbatively in the strong coupling g, mean-
ing that we treat the scale gT (the soft scale) as para-
metrically smaller than the scale T (the hard scale).
2. NLO at small M
By small M we mean M ∼ gT (and k ∼ T ), so that,
as we will show, the calculation shares many similarities
with the one for real photons [5]. In a naive perturba-
tive expansion the leading order term would be the Born
term, corresponding to the amplitude of the simple dia-
gram shown in Fig. 1. However, its contribution to W<
=
K
P +K
P
P +K
P
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Figure 1: The Born diagram on the left and the cut corresponding to
the squared amplitude for the thermal Drell-Yan process on the right.
The plain lines with arrows are quarks and the photon is understood
to be virtual; its decay in the dilepton is not shown.
scales approximately like M2, so that in our case its con-
tribution is suppressed and other processes, apparently
of higher loop order, contribute at the same (leading) or-
der in g. These are the 2↔ 2 processes shown in Fig. 2
and the collinear processes shown in Fig. 3. The former
=⇒
2
+ Crossings
Figure 2: 2↔ 2 processes. 1 ↔ 3 processes can be shown to be
suppressed for M ∼ gT .
require some care when the t or u channel exchanged
1A calculation in an off-equilibrium setting relevant for heavy-ion
collisions has been presented at this conference in [9].
=⇒
2
+ . . .
Figure 3: Collinear processes.
quark become soft: the resulting logarthmic divergence
is cured by Hard Thermal Loop resummation [10, 11].
At these small virtualities the calculation is unmodified
w.r.t. the real photon one.
Collinear processes are apparently suppressed w.r.t.
the 2↔ 2 ones. However, they receive an enhance-
ment when the quark and antiquark (in the annihila-
tion case) or the outgoing quark and the photon (in the
bremsstrahlung case) are collinear. Furthermore, the
soft scatterings that induce the splitting/annihilation are
so frequent that, within the photon’s formation time,
many of them can occur and interfere, in what is called
the Landau-Pomeranchuk-Migdal (LPM) effect. Its
treatment require the resummation of an infinite num-
ber of ladder exchanges of spacelike HTL gluons. This
has been done for photons first [12] and later extended
to small-M dileptons [13]. In the latter case it is impor-
tant to note that the Born term in Fig. 1 is the zeroth-
order term in the ladder resummation series, and is thus
included in the treatment of the LPM effect.
In summary, the leading-order result can be written
as2
W<(K)LO =
8αEMnF(k)g2T 2
3
[
ln
(
T
m∞
)
+C2↔2
(
k
T
)
+Ccoll
(
k
T
,
M
gT
) ]
, (3)
where the logarithm comes from the screening of
the aforementioned divergence and m2∞ = g2T 2/3 is
the thermal mass of quarks. C2↔2 is the coupling-
independent part of the 2↔ 2 processes.
At NLO both processes receive O(g) corrections: the
soft end of the 2↔ 2 region is sensitive to the addi-
tion of one extra soft gluon and similarly the collinear
sector requires the resummation of soft one-loop cor-
rections to the ladder resummation. Furthermore a new
process, the semi-collinear one, contributes. It can be
seen as the next order in a collinear expansion, where
the angle is allowed to be a bit larger. It thus inter-
polates between the 2↔ 2 and collinear limits. The
2for QCD with uds light quarks
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calculation of all of these corrections requires dealing
with loops of soft HTL excitations, which are known to
be a computational challenge, resulting in multidimen-
sional numerical integrals over the intricate HTL propa-
gators and vertices. However it has recently been found
[14, 5, 15] that such calculations simplify tremendously
when the related operators are at light-like separations,
as is the case for photons and small-mass dileptons. Fur-
thermore, the evaluation of soft and semi-collinear cor-
rections for low-mass dileptons is unaffected by M and
thus identical to the corresponding photon case. Only
the NLO LPM resummation needs to be modified in or-
der to obtain the small-M NLO correction. Numerical
results will be shown in Sec. 4.
3. Merging small and large M
An NLO perturbative calculation for M ∼ T , k ∼ T
has been presented in [6]. In this region the Born term
in Fig. 1 is the leading order and NLO is given by the
2↔ 2 processes in Fig. 2, together with their 1 ↔ 3
crossings, now kinematically allowed, and with virtual
corrections to the Born term, as shown in Fig. 4. The
=
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Figure 4: A cut in a two-loop diagram for W<(K) corresponding to a
virtual correction to the Born term.
NLO evaluation is rather intricate, as one has to deal
with the complicated kinematics of these processes and
with the fact that the virtual corrections to the Born
term and the real corrections (2↔ 2 and 1 ↔ 3 pro-
cesses) are separately IR divergent, requiring interme-
diate regularizations. After the kinematics and diver-
gences have been taken care of, one is left with a set of
two-dimensional numerical integrals.
This large-M calculation does not require HTL re-
summation; hence, it diverges logarithmically for small
M. Conversely, the small-M calculation described be-
fore behaves like W< ∼ g2(M2+T 2) at large M, whereas
an OPE analysis [16] shows that no T 2-proportional
term can exist for M  T . These drawbacks of the two
calculations can be overcome by merging them in a sin-
gle one which has the right behaviour both at small and
large M. This can be done [7, 4] by taking the collinear
part of the small M calculation and expanding it for
large M: the first and second term in that expansion cor-
respond to terms that are already included in the large
M calculation. Thus, if the collinear part of the small M
calculation is added to the large-M one, minus these two
terms, the result is the sought after merged calculation.
In [7] it was presented with the LO collinear part and
in [4] the small-M NLO corrections were added, lead-
ing to a merged result that is NLO-correct for M ∼ gT ,
M ∼ √gT and M ∼ T .
4. Results and discussion
The results of the aforementioned procedure are
available online [17]3 and shown in Fig. 5, where the
spectral function associated to W<(K) is plotted for
different values of the coupling. The solid lines are
the small-M results only and the dashed ones are the
merged ones. At the smallest coupling the spectral func-
tion varies rapidly across the light cone, whereas the ex-
trapolation at larger couplings shows a much smoother
behaviour4. This then gives more support to the use of
small-M dileptons as a proxy for real photons.
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Figure 5: The spectral function ρJ (W< = nB(k0)ρJ) at NLO for three
different values of the coupling and for k = 6T . The solid lines are
the small-M results [4], which become unreliable away from the light
cone. The dashed line is the merge of the small- [4] and large-M
results [6], according to the procedure of [7, 4]. Since no large-M cal-
culation is available for the spacelike region, no dashed line is shown
there. Picture taken from [4]. The dotted line is the free (g = 0)
spectral function.
One might still wonder, however, how reliable these
perturbative calculations are, in particular when extrap-
olated to αs = 0.3 where g is not small. Fig. 6 shows
that the NLO corrections represent at most a 30% in-
crease, suggesting that the dilepton rate, similarly to the
3The code used to obtain the collinear part of the rates at LO and
NLO is available in the arXiv submission for Ref. [4].
4The dashed are less smooth at the lightcone. However, as re-
marked in [7, 4], the more reliable calculation there is the one in solid
lines.
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photon one [5] is not plagued by the severe convergence
problems affecting other observables in thermal pQCD.
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Figure 6: The ratio of the NLO rates with respect to the LO ones
for three different values of the coupling and for k = 6T . The solid
lines are the small-M results [4], where the LO is given by Eq. (3).
The dashed line is the ratio of the NLO merged results [4] shown in
dashes in Fig. 5 over the LO merged results [7], which do not include
the small-M NLO results described in Sec. 2. Picture taken from [4].
A further assessment of the reliability of these cal-
culation could come from an interplay of perturbative
and non-perturbative inputs. As reported elsewhere in
this conference [18], the direct extraction of the rates
from lattice calculations is extremely tricky: the lQCD
can only access the Euclidean JJ correlator, which is
related to the spectral function as
WE(τ,k) ≡
∫
d3x
〈
Jµ(τ, x)Jµ(0)
〉
eik·x
=
∫ ∞
0
dk0
2pi
ρJ(k0,k)
cosh
(
k0(τ − 1/(2T ))
)
sinh
(
k0
2T
) .
(4)
The inversion of this convolution is an ill-defined prob-
lem. On the other hand, the continuation of the pQCD
data to Euclidean spacetime is straightforward 5 and can
be used for comparisons with lattice data, as attempted
in [6]. As observed there, some care is necessary, as
most of the Euclidean correlator comes from the k0  k
region of the spectral function, which is dominated by
well-understood vacuum physics, so that it might not be
easy to disentangle the contribution from the more in-
teresting k0 ∼ k region.
5. Conclusions
We have shown how pQCD calculations are now
available at NLO for the dilepton rate at finite k in a wide
5The Euclidean version of the results of [6, 7, 4] is available on-
line [19], with parameters tuned to the lattice data in [20]. A zero-
momentum dataset is also present, combining data from [21, 22].
kinematical range. After briefly reviewing the intrica-
cies involved in the determination of the small and large
M rates, we have shown how the two can be merged
in a single set, which is plotted in Fig. 5 and collected
online for phenomenological use in [17]6. The rates ap-
pear to be only mildly affected by NLO corrections even
for αs = 0.3 and for these couplings are smooth across
the light cone, giving support to the use of low-mass
dileptons as an ersatz real photon measurement.
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